The transport properties of iron under inner core conditions are essential input for the geophysical modeling of the Earth's interior but are poorly constrained experimentally. We calculate the electrical and thermal conductivities of iron at Earth's inner core conditions taking into account consistently the thermal disorder due to the motion of ions and the electronic correlations. We focus mainly on the body-centered cubic (bcc) phase predicted to be stable at the core's conditions by several recent works. The total calculated thermal conductivity is 220 W/(m·K) including both the electron-electron scattering (EES) and electron-lattice scattering (ELS), with the EES contribution of about 20%. Thermal disorder is found to suppress the non-Fermi-liquid behavior characteristic for the perfect bcc iron and thus to reduce the EES. The total conductivity exhibits a markedly weaker sensitivity to increase of the EES as compared to the Matthiessen's rule, hence, the electronlattice and electron-electron contributions are intertwined and cannot be treated separately. We also calculate the conductivity in the hexagonal close packed (hcp) iron phase, and again find the EES is not increased by the thermal disorder and is found to be weak there, too. Our main finding of a relatively weak EES thus holds for the both likely iron phases at Earth's core conditions.
Knowing the transport properties of iron at highpressure and high-temperature conditions relevant to the Earth's core is essential for modeling the Earth's geodynamo mechanism that maintains the Earth's magnetic field.
1 The key quantity is the thermal conductivity that needs to be low enough for the transfer of heat in the liquid outer core to proceed by a convective mechanism.
2
Whereas quite low values of thermal conductivity were assumed (based on extrapolation of low-temperature data to higher temperatures) for a long time 3,4 recent first principle calculations 5, 6 reported higher values.
These results have important implications. If the thermal conductivity is high, convection can be sustained only by a large heat flow 4 associated with a younger Earth's inner core (some evidence for the latter was recently reported 7 ). The thermal conductivity of solid iron is a key input for models of the inner core's anisotropy;
8-10 a rather high conductivity have been recently predicted for hexagonal close-packed (hcp) -Fe at the relevant conditions. 11, 12 Experimentally, reaching high-temperatures and high-pressures is challenging and there is large scatter in the data from direct measurements. [13] [14] [15] The transport properties are not the only ones to be determined with poor confidence: whereas the main constituent of the solid inner core is usually assumed to be the hcp -phase some experiments show evidence of the bcc phase. 16, 17 bcc-Fe was also predicted to be the stable phase of iron at inner-core conditions by recent molecular dynamics simulations. 18 From the theoretical side the transport mechanisms in iron at Earth's core conditions are also incompletely understood with several important fundamental questions not resolved to date: (i) whereas and to what extent the electronic correlations affect the transport properties is being intensely debated, 12, [19] [20] [21] (ii) the question of the interplay of the EES and electron-lattice scattering (ELS), namely: Is the Mathiessen's rule that estimates the total scattering rate from the sum of the individual ones valid? (iii) Does the Wiedemann-Franz law that relates the thermal and electrical conductivity apply? For correlated metals in a Fermi liquid regime the proportionality constant (the Lorenz number) is greatly affected by the energy dependence of the corresponding inelastic scattering rate.
12
For crystalline hcp Fe Pourovskii et al. 12 found a moderate impact of electronic correlations with the EES being far less important than the previously calculated 11 ELS. Xu et al. 20 evaluated EES for the perfect hcp lattice and combined it with a separately calculated ELS term using the Mathiessen's rule. They obtained a significant reduction of the total conductivity and argued that the EES would be further enhanced if the large thermal disorder due to the motion of the ions close to (and above) the melting temperature were to be taken into account in its evaluation.
The questions on the relative impact of EES and its interplay with the ELS are also highly relevant if the main constituent of the inner core is the bcc iron phase.
16-18
The bcc-phase has been pointed out to be significantly more correlated, compared to hcp-Fe, due to a van-Hove singularity in its electronic structure slowing down electrons. 19, 22, 23 Dense bcc iron is expected to exist only at high temperatures close to melting; its stabilization is predicted to be induced by anharmonic ionic vibrations 24 or a complex "self-diffusion" mechanism. 18 Very strong deviations from the perfect bcc crystalline order are thus arXiv:2004.03700v1 [cond-mat.str-el] 7 Apr 2020 expected. Therefore, possible impact of these distortions on electronic correlations needs to be taken into account. Intuitively, one might expect the crystalline disorder to slow down the electrons further, which would enhance the effects of electronic correlations, as suggested by Xu et al.. The impact of intertwined crystalline disorder and many-electron effects on transport has not been assessed in previous theoretical studies in iron at Earth's core conditions, 12, 20, 25 though Hausoel et al. evaluated the strength of correlations in a thermally disordered facecentered cubic (fcc) phase of Ni at Earth's core conditions finding the impact of lattice vibrations on correlations insignificant.
In the present work we investigate these questions by considering electron transport in iron under conditions relevant to the inner core. We mainly focus on the bcc phase, where both the electronic correlations and complex non-harmonic lattice degrees of freedom are expected to play important role in accordance with previous studies. 18, [22] [23] [24] 26 We describe this phase by applying the density functional + dynamical mean-field theory (DFT+DMFT) method [27] [28] [29] to a set of Fe super-cells (SCs) randomly chosen from configurations produced by molecular dynamics (MD) simulations, as done earlier in Refs. 19 and 20. Our transport calculations thus include both the effects of the deformations of the lattice due to the thermal motion of ions as well as the electronic correlations (the latter are evaluated within the DMFT approximation). See more details on our approach to electronic structure and transport calculations in the Method section.
We find two main results: Firstly, the positional disorder does affect the electronic correlations but in contrast to expectations we find that their strength is suppressed. We rationalize this by the fact that the van Hove singularity present in perfect bcc-Fe 23,30 is smoothed by thermal disorder, which reduces the EES. The total resistivity is to a large extent determined by the effects of thermal disorder and enhanced by less than one quarter by the EES. As the EES is insignificant, the Wiedemann-Franz law is obeyed to a higher precision than what is found for the undistorted lattice. Secondly, even with EES artificially increased above our calculated value its impact on the total resistivity is far less than expected on the basis of Matthiessen's rule. We derive a qualitative explanation of this surprising result that holds universally in the limit of strong disorder, i. e. in proximity to melting temperatures (and above).
As the thermal disorder wipes out the sharp characteristic features of the DOS one may actually expect a similar behaviour of the EES for the hcp, fcc and liquid phases. We verify the generality of our conclusions with explicit DFT+DMFT calculations of transport in the thermally disordered hcp phase, for which we obtain values of the total conductivity and EES contribution virtually coinciding with those for bcc. The relative insensitivity of the transport properties to both increase of the EES and particularities of the lattice structure thus implies a robustly high conductivity in the presence of a strong EES also in other solid and liquid iron phases.
I. RESULTS
A. Electron-electron scattering effects on transport in presence of thermal disorder
We first present our key results on the conductivity of bcc-Fe at the inner core conditions. The resulting total electrical resistivity and thermal conductivity for this set that we evaluated for temperature T =5803 K are shown in Fig. 1 (open triangles; the average over the SCs is shown with the bold star) together with results for the perfect bcc and hcp 12 lattices (for which the temperature dependence is also shown). The resistivity of perfect lattices is due to the EES term only; the temperature dependence in the case of bcc exhibits a rather slow non-Fermi-liquid 23 increase in contrast to the Fermiliquid hcp phase. 12 The ELS starts contributing once lattice distortions are included. With the magnitude of the distortions predicted by our MD simulations the ELS is by far the dominating term, as one sees by comparing the total conductivities with purely ELS ones also shown in Fig. 1 .
One may notice that the spread in the conductivities within the set is quite small thus showing little variation between different random configurations. Overall the value of the total bcc-Fe thermal conductivity averaged over all 8 distorted SCs in our set is equal to 220 W/(m·K) compared to 653 W/(m·K) for the EES only (perfect bcc lattice) and 275 W/(m·K) for the ELS only. For the electrical resistivity the corresponding values are 6.02·10 −5 , 1.56·10 −5 , and 5.82·10 −5 Ω·cm, respectively. By comparing the total conductivity κ with electron-lattice κ el−lat one infers that the EES reduces the thermal conductivity by about 20%; its impact on electrical resistivity is even smaller.
It is instructive to check the validity of the Wiedemann-Franz law κ = L 0 σT , where L 0 = 2.44 × 10 −8 WΩK −2 is the standard Lorenz number, by taking the ratios of thermal and electrical conductivity. For the perfect lattice we obtain L = 1.62×10 −8 WΩK −2 whereas for the distorted one we obtain L = 2.28 × 10 −8 WΩK −2 . The former result deviates from the standard Lorenz number due to the frequency dependent inelastic scattering rate. The later result is close to L 0 . As pointed out above, thermal disorder provides the largest contribution to the overall scattering. This dominant contribution of thermal disorder, in contrast to the inelastic electronelectron scattering, influences the thermal and electrical conductivity equally resulting in an almost standard value for the Lorenz number.
FIG. 1. a. The total resistivity of iron at Earth's core volume (7Å
3 /atom, density 13.2 g/cm 3 ) obtained by DFT+DMFT. The curves vs. temperature with filled circles/squares are for the perfect hcp 12 and bcc unit cells, respectively, calculated with the full rotationally invariant vertex. The rest of shown data is obtained using the density-density (Ising) vertex. The hashed red square is the perfect bcc result. In the case of perfect lattices the ELS term is absent and the resistivity is due to the EES term only. The empty triangles are for eight different distorted 3×3×3 bcc supercells. The bold blue star is the average value over the distorted bcc supercells. The black cross is the average value over the representative 36-atoms hcp SC. The ELS resistivity calculated within DFT for bcc (purple empty diamond) is also shown. b. The total thermal conductivity of iron at Earth's core volume obtained by DFT+DMFT. The meaning of symbols is the same as for panel a.
B. Self-energy and spectral function
The electronic correlations, which are the origin of EES, are described in our framework by the local electronic self-energy. We have computed this quantity for a set of eight 2×2×2 SCs with the fully self-consistent DFT+DMFT method (see Method section). In order to elucidate the effect of thermal disorder on electronic correlations one may compare the self-energy calculated in distorted SC with that in perfect lattices. Of particular relevance to transport is the low-frequency behavior of the imaginary part of the Matsubara 31 self-energy ImΣ(iω n ). The extrapolation of |ImΣ| to low frequencies characterizes the electron scattering rate and the slope of the approach characterizes the electronic renormalization m
Larger magnitude of ImΣ(iω n ) thus points to stronger correlations. The calculated imaginary part of the Matsubara self-energies for different Fe 3d orbitals and atoms in the set of SCs is shown in Fig 2a together with those for the perfect bcc and hcp lattices.
One sees that thermal disorder significantly modifies the electronic self-energies. The self-energies at different positions differ and the largest differences are comparable to the value itself. One also sees that, unlike in the case of the perfect bcc structure, where there is a clear distinction between the more correlated non-Fermi liquid e g and the less correlated Fermi-liquid t 2g self-energy, the self energies of different atoms and orbitals quasi-uniformly span the full range of values. Therefore, thermal disorder is sufficiently large for the resulting self-energies not to resemble those of the perfect bcc structure. (If the disorder were smaller, one would still resolve the t 2g /e g blocks). The self-energy Σ averaged over all sites and SCs (and used, analytically continued to the real axis, Fig. 2b , for evaluating the conductivity in the 3×3×3 SCs) is close to the bcc result for the less correlated t 2g orbital and to the Fermi-liquid self-energies of hcp-Fe. The more correlated bcc e g result represents a rough upper bound. The average scattering rate (the imaginary part ImΣ(ω) ) vs. ω exhibits a characteristic Fermiliquid parabolic shape (Fig. 2b) , with its value at the Fermi level, ImΣ(ω = 0) =84 meV, being close to the value of 90 meV previously obtained for hcp-Fe. 12 The thermal disorder thus reduces the electronic correlations compared to the perfectly crystalline bcc result.
In order to understand the origin of this effect, it is convenient also to look at the corresponding DFT+DMFT spectral function. Namely, the stronger correlations for the e g orbital in the case of bcc structure occur due to the proximity to a van-Hove singularity. 19, 22, 23, 32 The 3d spectral function averaged over all sites in all 8 SCs is shown in Fig 2c and is compared to the one for the perfect bcc. One sees that the narrow peak of e g states in the vicinity of ω = 0 is almost completely smeared by lattice distortions. This smearing of the low-frequency peak in turn leads to weaker correlations. One thus has a counter-intuitive situation that the disorder actually leads to a suppression of electronic scattering at low energies.
FIG. 2. a. The imaginary part of DMFT self-energy on the Matusbara grid for different atomic sites and orbitals of the set of 2×2×2 bcc supercells (thin light blue curves). The average self-energy over all sites and orbitals of all bcc supercells (thick red line with squares) and the average self-energy over sites and orbitals of the hcp 36-atoms SC (black line with circles) are also shown. The blue and green curves are the self-energies for the non-degenerate orbitals in the perfect bcc and hcp lattices, respectively. b. The average DMFT bcc (red) and hcp (dashed black) self-energy in real frequency. c. The DMFT spectral function for the Fe 3d states averaged over all sites in the set of 2×2×2 bcc supercells (red dashed line) compared to that for the perfect bcc lattice (solid green line).d. The DFT densities of states of the bcc, fcc, hcp and liquid iron at Earth's core density 7Å
3 /atom and T =6000 K obtained by MD simulations.
C. Evolution of transport as a function of distortion
It is important to notice that whereas the electronic self-energies are actually suppressed when evaluated in the presence of thermal disorder, as shown above, the calculated resistivity is strongly increased implying that the increase must be attributed to the distortions.
In order to understand better the influence of distortions it is convenient to study the evolution of transport vs. distortion strength. To that end we chose a representative 2×2×2 SC, for which the calculated thermal conductivity of 240 W/(m·K) is close to the one obtained from the average over the whole 2×2×2 set. The atomic coordinate R i of a given site i in this 2×2×2 SC can be written as R i =R 0 i + τ i , where R 0 i denotes the position of the atom in the perfect 2×2×2 SC and τ i is the corresponding displacement in the distorted cell. Introducing a scaling parameter λ for the distortion, R λ i =R 0 i + λτ i , one can smoothly tune the distortion from the vanishing one λ = 0, to the actual distortion in the molecular dynamics simulation snapshot, λ = 1, and beyond (until the atomic spheres start to overlap, which occurs above λ = 1.25).
We performed full self-consistent DFT+DMFT calculations for a set of λ, the resulting electrical and thermal conductivities vs. λ are shown in Fig. 3 . One can identify the regime of weak disorder with, in particular, a rather rapid decay of κ vs. λ < 0.25. By inserting the average self-energy Σ of fully distorted SCs instead of the one calculated at a given λ one obtains a significantly larger conductivity at λ =0 and a yet steeper decay. The difference in behavior of conductivities vs. λ < 0.25 for those two cases is due to the evolution of electronic self-energies upon increasing distortions. Namely, the distortions suppress the non-Fermi-liquid behavior of e g orbitals (see Fig. 2 ) and reduce the overall magnitude of scattering ∼ |ImΣ(ω)|; this reduction of EES partially compensates the enhancement of ELS with λ.
The decrease of the conductivity becomes drastically slower for λ > 0.5. This saturation of conductivity seen in Fig. 3 and resistivity (inset) is related to the phenomenon of resistivity saturation that is known to occur in weakly correlated metals at elevated temperatures 33 and to play an important role for the transport in Fe. 6 Namely, in weakly correlated metals the resistivity saturates at a so-called Mott-Ioffe-Regel value that corresponds to a scattering length equal to the minimal interatomic distance; this limit is ∼ 50µΩcm 20 for Fe under Earth-core conditions. Notice that change in λ emulates change in temperature, as phonon displacement is proportional to temperature.
On the other hand, when electronic correlations become dominant the resistivity can grow further, which is called the bad-metal regime. 33 This is evidenced by the data in Fig. 4(b) , where we artificially increased the strength of the ESS, as discussed below. We stress that our approach correctly reproduces both the phenomenon of resistivity saturation and the bad-metal regime, whichever is applicable in the given case.
We notice also that for λ > 0.5 the evolution of transport vs. λ evaluated with Σ also becomes basically indistinguishable from that obtained with full calculations. Hence, at strong disorder the self-energy ceases to be sensitive to λ and saturates at average Σ ; this validates the use of Σ to evaluate transport in the strong-disorder regime.
D. Optical conductivity and interpretation of the results
To investigate the interplay between the thermal disorder and the EES further we also artificially tuned the strength of EES by multiplying the imaginary part of DMFT self-energy by a constant α and evaluated the transport for a fixed distorted lattice. Namely, we calculated the optical conductivity Eq. (8) as a function of the scale factor α, i.e. with the self-energy Σ α (ω) = Re Σ(ω) + αIm Σ(ω) used for all orbitals and sites of a SC. Such a "cartoon" scaled self-energy, though not satisfying the exact Kramers-Kronig relations between ReΣ(ω) and ImΣ(ω), does capture main features of the strong EES regime in a 'Hunds system like iron: increasing strength of correlations resulting in a crossover to a non-Fermi-liquid behavior with the lifetime of states relatively far away from the Fermi level becoming short. Alternatively, uniformly scaling both the real and imaginary parts would respect the Kramers-Kronig relations, but in result one would apply a large coherent Fermiliquid renormalization to 3d bands in a wide energy range. The latter is a physically incorrect representation of the strongly-correlated limit in iron.
A larger SC size is preferable in calculations with the scaled self-energy Σ α in order to properly evaluate the DC-conductivity limit at small values of α. We thus chose a representative 3×3×3 SC with the conductivities at α = 1 very close to the average one (see Fig. 1 ). The resulting optical conductivity vs. α is displayed in Fig. 4 .
The calculated optical conductivity is generally smooth and virtually constant at small ω → 0 due to a strong disorder suppressing the Drude peak coming from the intraband transitions in favor of low-lying interband transitions. At small α ≤0.4 the Drude peak is still present, due to insufficiency of the 3×3×3 SC size to describe the electron-lattice scattering for very long-lived quasiparticle states. One may notice a rather slow decrease of conductivity vs. α; with the EES increased by a factor of 40 σ 1 (0) is reduced by less than half of its initial value.
The Matthiessen's rule predicts the total (electrical or thermal) resistivity to be given by a sum due to separate scattering mechanisms; i.e. in the present case the total Matthiessen's rule thermal conductivity κ M is given by 1/κ M = 1/κ el−lat + 1/κ el−el , where our calculated κ el−lat =275W/(m·K). We calculated κ el−el as a function of α in the perfect bcc lattice by DFT+DMFT. The resulting relative deviation M = κ−κM κM of Matthiessen's rule conductivity with respect to the actual one (i.e. calculated with DFT+DMFT in the same distorted SCs and with Im Σ(ω) scaled by α) is plotted in the inset of Fig. 4 as a function of α. One sees that the Matthiessen's rule is satisfied reasonably well at a small EES, but at the large EES limit the deviation becomes significant with the Matthiessen's rule underestimating the conductivity by about one third. Even the largest considered EES case that corresponds to α = 8, for which κ el−el =148 W/(m·K), the calculated total conductivity is κ =125 W/(m·K), while the corresponding κ M =96 W/(m·K) is markedly smaller.
In order to understand this effect we return to the expression for the DMFT conductivity (8) . To simplify the discussion, it is convenient to neglect site/orbital dependence of the self-energy (which we argued above not to play an important role at the relevant conditions anyhow). Under this assumption the self energy has no momentum dependence and the DC conductivity can be written as
The spectral function
can be further simplified by assuming that the self-energy is well described by a constant Σ ∼ −i∆. The spectral functions hence take a Lorentzian form of width given by ∆. We observed that large disorder leads to a behavior that enables a further simplification of the expres- sion above: i) The eigen-energies become approximately equidistantly distributed, kν+1 − kν ≈ C, where C is a constant; (ii) The current matrix element |v kνν | loses strong dependence on ν, ν and essential physics can be reproduced by substituting it by a constant v 2 . Under these assumptions the conductivity simplifies to a form
where in the last equality we replaced the summation over band-energies by a Riemann integral
where W is the bandwidth. Now, when W ∆, the Riemann integral reduces to integration of a Lorentzian over range(−∞, ∞) and can be approximated by a constant. The resulting σ hence does not depend on ∆ anymore. Only when one increases the electronic scattering above the full bandwidth (∆ W ) a new regime occurs, where the integral (3) becomes ∝ W/∆. In this regime the resistivity strongly (∝ ∆ 2 ) increases as a function of ∆. One sees a crossover to this regime in Fig. 4b at very large α. However, in the relevant range α ∼ 1 enhancement of ∆, while reducing the contribution of each individual A kν , at the same time leads to the spectral functions further from Fermi energy contributing to the DC conductivity. This increase in the number of contributing ν "conduction channels" hence compensates for the loss of conductivity due to a shorter electronic life-time. In result, the dependence of σ on ∆ at α ∼ 1 is weak as seen in Fig. 4b . That is in contrast to the usual Drude behavior σ ∝ 1/∆ occurring when the EES contribution (subsequently combined with ELS using the Matthiessen's rule) is calculated for the undistorted lattice.
II. DISCUSSION
The main results of our study α-Fe are thus: (1) EES is not increased but rather suppressed by thermal disorder, (2) the overall effect of EES on the transport properties in the presence of thermal disorder is small, lowering the thermal conductivity by about 20% but not more, (3) in the relevant regime the total conductivity exhibits markedly weaker dependence on the EES as compared to predictions of the simple Matthiessen's rule.
What are the implications of our analysis for the case of the hcp-phase, which is another candidate for the inner core's principal component, and for the outer core liquid phase? Should one expect a different behavior with stronger influence of EES from that found here? We show below that in fact this is not the case. The EES amplitude comes out to be very similar. In fact, the distinction between crystalline phases (as well as between them and the liquid phase) becomes smaller with increasing motion amplitude of the ions and peculiar features of their electronic structure are washed away. We compare the DFT densities of states obtained by averaging over MD configurations in Fig. 2d . Indeed, the difference between various iron crystalline phases as well as between them and liquid is quite insignificant, while it is striking in the case of perfect lattices at Earth's core density, see, e.g., We verified the validity of these qualitative arguments by explicit calculations of the conductivity for a representative configuration of thermally disordered hcp Fe. We employed the same DFT+DMFT approach as in the case of bcc, see Method section for more details of these calculations. The electronic self-energy in the thermally disordered hcp phase is found to preserve its Fermi-liquid character;
12 the average hcp self-energy is hardly distinguishable from that of bcc, see Figs. 2a and b. The resulting values of electrical resistivity and thermal conductivity of hcp-Fe are 5.99·10
−5 Ω·cm and 207 W/(m·K), respectively. As one sees (Fig. 1) they are very close to those for thermally disordered bcc. For the total (ELS+EES) conductivity of hcp-Fe we obtain 207 W/(m·K), is higher than the previous theoretical values of 190 W/(m·K) and 150 W/(m·K) reported by Pourovskii et al. 12 and Xu et al.. 20 Both Refs. 12 and 20 employed the Matthiessen's rule to evaluate the total thermal conductivity; as shown above this rule underestimates the conductivity. Moreover, Xu et al. 20 also employed a Boltzmann theory approach supplemented with a simple correction for the resistivity saturation to the ELS conductivity; their method underestimates the ELS conductivity as compared to our MD-based DMFT approach that naturally accounts for the saturation effect (see Fig. 3 and the discussion therein). Notice that the density of states of the perfect bcc and hcp iron phases are qualitatively different with the former featuring a peak at the Fermi level E F due to the van Hove singularity, as discussed in Sec. I B, while the latter features a deep at E F . However, once the thermal disorder is properly included the difference in both the electronic structure and conductivity almost disappears.
Finally, given a slow dependence of the total thermal conductivity on the magnitude of the EES (Fig. 4) in the disorder-dominated regime it is unlikely that electronic correlations would have a very important effect on the transport properties, even if the magnitude of EES turned to be somewhat larger than was found in the present work.
III. METHODS
Our DFT molecular dynamics were performed with the vasp code. 34 We used the projector augmented wave method 34, 35 to describe the interactions between the electrons and the ions, and expanded the single particle orbitals as linear combinations of plane waves (PW), including PW with maximum energies of 293 eV. The Brillouin zone was sampled using the (0.25, 0.25, 0.25) point only (in units of reciprocal lattice vectors). The time step was 1 fs and the temperature was controlled using a combination of Nosé 36 and Andersen 37 thermostats. The DFT+DMFT calculations were performed using a full-potential self-consistent in the charge density approach 38,39 based on the Wien-2k code 40 and TRIQS library. 41, 42 These calculations were carried out for a set of 8 distorted 2×2×2 supercells (SCs) with the volume 7Å
3 /atom randomly drawn from configurations produced by DFT molecular dynamics simulations. We employed the same values of the Coulomb interaction parameters U =5.0 eV, J H =0.93 eV as in the previous study of the conductivity in perfect hcp 12 and the energy window [-12 .2 eV, 4.0 eV] around the Fermi level for the Kohn-Sham states used to construct Wannier orbitals representing Fe 3d states. The DMFT impurity problem was solved by the hybridization-expansion quantum Monte Carlo impurity solver. 43 The density-density approximation was employed for the interaction vertex (which leads to an underestimation of the EES thermal resistivity by 30 to 40% for the perfect iron phases, see Fig. 1 and ref. 21 ) and the non-diagonal elements of the bath Green's function were neglected in the impurity problem.
Each SC was first converged by about 20 fully selfconsistent DFT+DMFT iterations with subsequent 10 additional DMFT cycles using the converged Kohn-Sham Hamiltonian. Each Monte Carlo run employed 10
10
Monte-Carlo moves and 200 moves/measurement. Subsequently, 25 additional runs were carried out starting from the same converged value of the DMFT bath Green's function and resetting the random sequence. Such full DFT+DMFT run for a single 16-atom cell typically took about 7 days of calculation time on a 64-core cluster. The self-energies thus obtained were then averaged to obtain the final high-precision DMFT self-energy, which was analytically continued using the Maximum Entropy method 44 to the real-energy axis. The conductivity along the [100] direction was calculated within the Kubo linearresponse formalism. Namely, the electrical and thermal conductivity read
where α is the direction (x, y, or z), k B is the Boltzmann constant. The kinetic coefficients K n αα read
where 2 is the spin factor, f (ω) is the Fermi function, and the transport distribution Γ αα is given by The optical conductivity is evaluated from the transport distribution as follows:
Without the additional EES contribution evaluated by DMFT our approach would reduce to the conventional Kubo-Greenwood DFT formalism routinely used to evaluate the ELS contribution to the resistivity. 11, 45 The present approach thus additionally takes the EES into account.
The total thermal conductivity thus calculated and averaged over all 8 distorted 2×2×2 SCs is equal to 245 W/(m·K). However, the 16-atom 2×2×2 SC is not sufficient for a precise evaluation of the conductivity. As shown in Supplementary Information Fig. 2 one needs at least 3×3×3 54-atoms SCs to reach the convergence for the ELS conductivity. Full DFT+DMFT calculations are too time-consuming for these 54-atoms supercells. Instead a randomly chosen set of eight 3 × 3 × 3 supercells was drawn from our MD simulations and converged in DFT. The average self-energy Σ(iω n ) previously obtained for the 2 × 2 × 2 set (the blue curve in Fig. 2a) was subsequently inserted at each site together with the average double-counting term. Once the chemical potential was found, the conductivity was calculated using Σ(iω n ) analytically continued to real frequencies (Fig. 2b) . This approach is based on the observation that the conductivity becomes insensitive to the site and orbital dependence of self-energy at the realistic distortion levels, see Fig. 3 in Sec. I C and the discussion therein. We also benchmarked this procedure on the 2 × 2 × 2 set; thus calculated conductivities are in a good agreement with the full calculations, with the resulting average κ =232 W/(m·K) compared to 245 W/(m·K) for full calculation in which the site and orbital dependence is retained. The resulting total thermal conductivity evaluated with 3×3×3 SCs and shown in Fig. 1 , κ=220 W/(m·K), is only slightly reduced compared to the magnitude obtained with the 2×2×2 SCs (see Fig. 1 in Supplementary Information). Whereas the size of our SCs is insufficient to ensure dynamic stability of the bcc structure -a tour de force with 1024 atoms was needed in Belonoshko et. al 18 -the choice of the unit cell shape constrains the dynamics of ions to those representative of the thermodynamic limit, especially for the integrated quantities such as conductivity of interest to our work.
We applied the same framework to evaluate the conductivity in the hcp phase. To reduce the computational effort in this case we made use of the fact that the conductivity varies little between different SCs, as one sees on the example of bcc (Fig. 1) . Hence, we chose a single representative 36-atom hcp SC (3×3×2 in crystallographic unit cells with c/a=1.6 and volume 7Å 3 /atom) from a set randomly drawn from our MD simulations. The value of calculated ELS conductivity for the chosen SC was the closest to the average over this set of 15 SC configurations. For that 36-atom SC we performed the same full DFT+DMFT calculation as described above for the set of 2×2×2 bcc SCs . Parameters of this calculation (the values of U , J H , the energy window for Wannier construction, number of DFT+DMFT iterations and quantum Monte Carlo cycles) were the same as for the bcc case.
For the sake of comparison the ELS contribution was also computed separately using the DFT-based framework of refs. 11 and 45. These DFT calculations of the ELS-only electrical and thermal conductivities were performed via the Kubo-Greenwood and the ChesterThellung-Kubo-Greenwood 46 formula, respectively, as implemented in VASP. 47 We employed settings similar to those employed in, 11 by averaging over 72 statistically independent configurations on cells including between 16 and 250 atoms.
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V. INFLUENCE OF THE SUPERCELL SIZE
In Fig. S1 we compare the thermal conductivity computed using the 2 × 2 × 2 and 3 × 3 × 3 distorted SCs using the average DMFT self-energy Σ (Fig. 2 of the main text) . One may see that the magnitude of conductivity a little bit (by about 6%) decreases with the increasing SC size.
The test calculations for the perfect 2 × 2 × 2 and 3 × 3 × 3 SCs are also shown in the same figure; they are higher than those obtained for the perfect 2 × 2 × 2 in real DFT+DMFT calculations (the red hashed square in Fig. 1b) . The reason is, of course, that the correlations are reduced by lattice distortions as explained in the main text, see Figs. 2 and 3 of the main text and the discussion therein.
In Fig. S2 we show the ELS optical conductivity σ el−lat as well as the ELS frequency dependent thermal conductivity κ el−lat (ω) calculated within DFT by the method of ref. 11 vs. the size of simulation SCs. The DC conductivity is obtained by taking the ω → 0 limit. One sees that the result with 3×3×3 SCs is very close to that for the largest considered SC (5×5×5), while the one obtained with 2×2×2 SCs still deviates from it and exhibits significant noise.
FIG. S1. The thermal conductivities for the sets of 2×2×2 and 3×3×3 supercells obtained with average Σ and double-counting inserted to their converged DFT band-structures as described in the text. The meaning of symbols is the same as in Fig. 1 of the main text
